In 1999 Davis and Jedwab gave a direct construction of Golay complementary sequences over Z 2 h of length 2 m . Recently Li and Chu found 1024 more quaternary Golay complementary sequences of length 16, that cannot be obtained by the direct construction, using exhaustive computer enumeration. It is shown how these sequences arise from interleaving and concatenation of two classes of Golay complementary sequences given as an example by Davis and Jedwab. These examples spawn new Golay sequences over Z 2 h of length 2 m for all h ≥ 2 and m ≥ 4.
Introduction
Let a = (a 0 , a 1 , . . . , a n−1 ) be a sequence of length n and characteristic H, that is, each entry a i ∈ Z H . Let ξ = exp(2π √ −1/H), and define the aperiodic autocorrelation of a at displacement u by A Golay pair, or pair of complementary sequences, is a pair (a, b) of sequences with the property that their out-of-phase autocorrelations sum to zero, that is, C a (u) + C b (u) = 0, 0 < u < n. Each sequence of a pair is called a Golay complementary sequence, or Golay sequence. We call a sequence binary, quaternary, or octary, respectively, if H = 2, 4, or 8. Sequences with H > 2 are also called polyphase. Note that it is also common to consider the sequence of complex modulated values (ξ a 0 , ξ a 1 , . . . , ξ a n−1 ). In particular, a binary sequence can be regarded as a sequence of +1 and −1 entries, whereas we consider binary sequences of 0 and 1 entries. We will denote the all-1 sequence (whose length is to be understood from the context) by .
Complementary binary sequences were introduced by Marcel Golay [Gol 61 ] to study problems in infrared multislit spectrometry. Both binary and polyphase Golay sequences have since found many applications, such as in optical time-domain reflectometry or orthogonal frequency-division multiplexing (OFDM). They are known to guarantee a low peak-to-average power ratio in OFDM [Pop 91]. In [DJ 99 ] the then-known Golay sequences of length 2 m and characteristic H = 2 h , m > 1, h ≥ 1, were shown to occur as cosets of the first-order Reed-Muller code within the second-order Reed-Muller code (appropriately defined for h > 1). Hence these Golay sequences also provide a good error correction capability. 
Construction of Golay Pairs
Golay introduced several recursive constructions for binary Golay pairs, such as concatenation and interleaving. He also gave an explicit construction for length 2 m using generalized boolean sums [Gol 61 ]. Golay later noted [Gol 77 ] that this explicit construction gives 2 m m! distinct binary complementary sequences. Budišin [Bud 90 ] introduced an iterative construction for (polyphase) Golay pairs. This construction contains Golay's concatentation and interleaving of binary sequences as a particular case. Davis and Jedwab [DJ 99 ] gave an explicit construction of (m!/2) · 2 h(m+1) Golay sequences of characteristic H = 2 h and length 2 m . Paterson [Pat 00] showed that the set of Golay sequences of length 2 m over Z 2 h obtainable by Golay's explicit construction for h = 1 and those obtainable by Budišin's iterative construction for h ≥ 1 coincide with the sequences described in [DJ 99]. Furthermore, he generalized [DJ 99] to the case H even.
Concatenation and Interleaving
Let a = (a 0 , a 1 , . . . , a n−1 ) and b = (b 0 , b 1 , . . . , b k−1 ) be sequences of length n and k, respectively. The concatenation of a and b is the sequence The sequence a is neither the concatenation nor the interleaving of any binary Golay pair.
The recursive construction of concatenation and interleaving generalizes to other (even) characteristics. Suppose a and b are a Golay pair of characteristic H and length n. If H is even, it is straightforward to show that a ; b and a ; (b + H 2 · ), as well as int(a, b) and int(a, b + H 2 · ), also form a Golay pair of characteristic H and length 2n.
Cosets of Sequences
We would like to investigate under what circumstances adding a sequence c to each sequence of a Golay pair (a, b) creates another (possibly new) Golay pair (a + c, b + c). We begin with a small observation that does not seem to have appeared in print.
Lemma 1. Let a and c be sequences of length n over Z H , where c = (c, c +c, 2c +c, . . . , (n−1)c +c), c, c ∈ Z H . Let a + c be the sequence obtained from a and c by elementwise addition (mod H).
Proof.
So we may add a constant sequence c = c · , c ∈ Z H , to a sequence a, and a + c will have the same autocorrelation function as a. This fact is well-known. We may also add a multiple of the sequence (0, 1, 2, 3, 4, . . .) to a sequence a and to another sequence b. Generally, the new sequences will not have the same autocorrelation functions as a and b, respectively. However, Lemma 1 can be used to construct new Golay pairs from a given one. If a and b form a Golay pair, we can add a sequence c to obtain new sequences a + c and b + c, where c is as above with c, c ∈ Z H . Then, by Lemma 1, we have C a+c (u) = ξ −uc C a (u) and For quaternary sequences, it shows that adding a multiple of (0, 1, 2, 3, 0, 1, 2, . . .) to each sequence of a (quaternary) Golay pair creates another Golay pair.
In [LC 05] a two-step process of reducing sequences to "d"-and "dd"-sequences was introduced (without proof), which helped reduce the search space. It is essentially an application of Lemma 1.
There 
We will see that we can form more Golay pairs by adding a multiple of c to the Golay sequences a and b.
Lemma 3. Let c be a {0, 1} (that is, binary) sequence, and suppose that (a, a + Proof. By Corollary 2 we may assume = 0. Let u be fixed. Let I + (u) be the set of indices i such that c i = 1 and c i+u = 0. Thus, for i ∈ I + (u), (a + kc) i = a i + k and (a + kc) i+u = a i+u . Similarly, let I − (u) denote the set of indices i such that c i = 0 and c i+u = 1. Hence, for any
Recall that ξ H 2 = −1. Now the same calculations with C a+(
by assumption. This completes the proof. 
is not true that b − a is a two-value sequence for every Golay pair (a, b) (cf. Section 3, (6)). As it turns out, it is actually Golay pairs (a, b) such that b − a is a sequence with more than two values that will allow us to explain the newly discovered Golay sequences from [LC 05].
Corollary 2 and Lemma 3 naturally organize Golay pairs in sets. That is, we consider sets of Golay pairs where each member (a, b) of such a set can be obtained from any other member (a , b ) by adding a suitable combination of sequences in accordance with Corollary 2 and Lemma 3. Our main motivation for this approach is to obtain a starting point for the comparison of the properties of the known Golay sequences with the properties of the 1024 new sequences. We will discuss these questions in more detail in Sections 4 and 5.
The next result is well-known for binary sequences, but it has not often been applied to polyphase sequences. Strictly speaking, it does not involve adding a sequence c to the sequences of a Golay pair. However, it is a general way of constructing a Golay pair from a given Golay pair, and we would like to include it for completeness.
Lemma 4. Let (a, b) be a Golay pair and let a * = (−a n−1 , −a n−2 , . . . , −a 0 ). Then C a (u) = C a * (u) for all 0 ≤ u < n and thus, (a * , b) is a Golay pair.
If a is a binary sequence, then a * = (a n−1 , a n−2 , . . . , a 0 ) since −1 ≡ 1 (mod 2) and −0 ≡ 0 (mod 2). Thus, if (a, b) is a binary Golay pair, then ((a n−1 , a n−2 , . . . , a 0 ), b) is also a binary Golay pair [Gol 61, General Property 3]. In general, this is not true for polyphase Golay pairs. However, we will see in the next subsection how Golay pairs (a, b), (a * , b), (a, b * ), and (a * , b * ) occur naturally in the construction in [DJ 99].
Henceforth we will restrict our attention to the case H = 2 h , h ≥ 1, and n = 2 m , m ≥ 1. In this setting we can describe sequences algebraically.
Boolean Functions
When H = 2 h and n = 2 m , sequences a ∈ Z 2 m 2 h can be described using generalized boolean functions.
A generalized boolean function is a function f : Z m 2 → Z 2 h , h ≥ 1. Consider the test functions f i (x 1 , x 2 , . . . , x m ) = x i . They give rise to 2 m monomials 1,
. . .
Any (generalized) boolean function f : Z m 2 → Z 2 h can be expressed uniquely as a linear combination over Z 2 h of these monomials (1). The resulting polynomial is called the algebraic normal form of f . With f we associate a sequence f of length 2 m by listing the values f (x 1 , x 2 , . . . , x m ) as (x 1 , x 2 , . . . , x m ) ranges over Z m 2 lexicographically. For example, if m = 3 and h = 2 then
Here x 2 and x 3 denote the sequences corresponding to the functions x 2 and x 3 , respectively. In particular, the sequence
is the sequence used in Lemma 1.
where π is a permutation of the symbols {1, 2, . . . , m} and c k ∈ Z 2 h . Then any sequence in the set
forms a Golay complementary pair over Z 2 h of length 2 m with any sequence in the set
We remark that either of the two sequences f + c ·  and f + 2 h−1 (x π(1) + x π(m) ) + c ·  can be formally obtained from one another (up to a constant c ) by mapping each x i → −(1 − x i ), 1 ≤ i ≤ m, in the definition of f . Thus, (up to a constant) they are negative reverses of each other and have the same autocorrelation function (Lemma 4). The same is true for the two sequences
For instance, for the three quaternary sequences b = 2(x 1 x 2 + x 1 x 3 ) + x 1 , b = 2(x 1 x 2 + x 1 x 3 ) + x 1 + 2x 2 + 2x 3 + 3, and b = 2(x 1 x 2 + x 1 x 3 ) + 3x 1 + 2x 2 + 2x 3 + 1 of length 8 (where we have identified the functions with their associated sequences), we have 
We calculate the autocorrelation function for each of these sequences.
Clearly, the autocorrelation function of b does not coincide with that of b (see also the remark following Lemma 4).
Explaining the New Examples
With h = 2 and m = 3, define the sets 
The sequences in (2) can be used to construct sequences which cannot be obtained with [DJ 99, Corollary 5]. For example, let a ∈ A and b ∈ B where
Then
= (0, 0, 0, 2, 0, 0, 2, 0, 0, 1, 1, 2, 0, 3, 3, 2).
Note that x i is a function from Z 4 2 to Z 4 in (5), 1 ≤ i ≤ 4, whereas in (3) and (4) we have We remark that
so b − a is not a sequence taking just two values and + H 2 (mod H), H = 4. This distinguishes the Golay pair (a, b) ∈ A × B from any Golay pair (a , b ) in A × B or A × B . By design, the latter is such that b − a is a sequence taking only two values.
We will now show how these sequences (2) give rise to the 1024 Golay sequences found in [LC 05]. Let a ∈ A and b ∈ B , or a ∈ A and b ∈ B. Then a ; b and a ; (b + 2 h−1 · ) form a Golay pair (Section 2.1). It can be easily verified that the algebraic normal form of each of these sequences is a cubic polynomial. Hence, both Golay sequences are not covered by the construction in [DJ 99]. By Corollary 2, for each pair (a, b) from A × B or A × B we can construct four quaternary Golay sequences (a ; b) + c(x 4 + 2x 3 ) of length 16, c ∈ Z 4 . Thus, we obtain 2 · 64 · 4 = 512 quaternary Golay sequences of length 16 which are not of the form in [DJ 99, Corollary 5]. All these sequences are distinct, since equality of (a ; b) + c(x 4 + 2x 3 ) and (a ; b ) + c (x 4 + 2x 3 ), c, c ∈ Z 4 , occurs exactly when
as (x 3 + 2x 2 ) ; (x 3 + 2x 2 ) = x 4 + 2x 3 . Now notice that the difference of any two distinct elements of A ∪ A is not a non-zero multiple of x 3 + 2x 2 . The same is true for B ∪ B .
The remaining 512 of the new 1024 Golay complementary sequences in [LC 05] can be constructed by interleaving (rather than concatenating) sequences from A with sequences from B , sequences from A with sequences from B, sequences from A + (x 3 + 2x 2 ) with sequences from B + (x 3 + 2x 2 ), or sequences from A + (x 3 + 2x 2 ) with sequences from B + (x 3 + 2x 2 ). For instance, taking a and b as in (3) and (4), we see int(a, b) = 2x 1 x 3 x 4 + 2x 2 x 3 x 4 + 2x 1 x 2 + 2x 2 x 3 + x 2 x 4 + x 3 x 4 (7) = (0, 0, 0, 1, 0, 1, 2, 2, 0, 0, 0, 3, 2, 3, 0, 2) which corresponds to entry #3 with a 0 = 0, d 0 = 0 in [LC 05, Table 1 ]. The sequence int(a, b) forms a Golay pair with int(a, (b+2 h−1 ·)) and also with int((b + 2 h−1 · ) * , a * ) (Lemma 4) where
Similarly to concatenation, we may choose a pair (a, b) from A × B or A × B, and construct two Golay sequences int(a, b) + c(x 4 + 2x 3 ), c ∈ Z 2 . We can construct two more sequences by choosing (a, b) from (A + x 3 + 2x 2 ) × (B + x 3 + 2x 2 ) or (A + x 3 + 2x 2 ) × (B + x 3 + 2x 2 ). Again, we obtain 2 · 64 · 2 · 2 = 512 quaternary Golay sequences of length 16 which are different from the sequences described in [DJ 99, Corollary 5]. As before, all these sequences are distinct. Finally, we observe that the algebraic normal form of sequences obtained by interleaving has cubic terms that are distinct from those in the sequences obtained by concatenation (cf. (7) and (5)). Hence the 1024 sequences described above are all distinct.
The sequences in (2) can be naturally lifted to Z 8 2 2+k , k ≥ 1, such that the corresponding sequences of complex modulated values do not change. For instance, the quaternary sequence b in (4) has a representation b = (0, 1, 1, 2, 0, 3, 3, 2) which corresponds to (ξ 0 , ξ 1 , ξ 1 , ξ 2 , ξ 0 , ξ 3 , ξ 3 , ξ 2 ), where ξ = √ −1. As an octary sequence, b can be written as (0, 2, 2, 4, 0, 6, 6, 4), which corresponds to
that is, we multiply each entry of the sequence b by 2. In other words, we can write the quaternary sequence b = 2(x 1 x 2 + x 1 x 3 ) + x 2 + x 3 (4) as an octary sequence 2b, and generally as 2 k b over Z 2 2+k . Since the complex modulated values of the lifted sequences do not change, the quaternary sequence b has the same autocorrelation function as 2 k b over Z 2 2+k , which in turn has the same autocorrelation function as 2 k b + c · , c ∈ Z 2 2+k (Lemma 1). Hence the lifting of b to Z 8 2 2+k
belongs to a set {2 k b + c ·  | b ∈ B , c ∈ Z 2 2+k } of size 8 · 2 k of Golay sequences with the same autocorrelation function. We call this set the lifting of B . Hence, by lifting the sets A, B, A , and B to Z 8 2 2+k , we can construct Golay complementary sequences of length 16 and any characteristic H = 2 2+k . We remark that the algebraic normal form of these Golay sequences is always a cubic polynomial. Hence, by applying concatenation or interleaving we will be able to produce (new) Golay sequences of any length 2 m , m ≥ 4. 
Number of Sequences Spawned By a Pair
One of the drawbacks of the application of Golay sequences to OFDM is the achievable code rate. Until the publication of [LC 05], the number of known Golay sequences of length 2 m over Z 2 h was (m!/2) · 2 h(m+1) . This results in a code rate of (w + h(m + 1))/(2 m h) [DJ 99], where w is such that 2 w is the largest integer power of 2 no greater than m!/2. This rate drops quickly as m increases. More Golay sequences give a higher code rate.
In Section 
Hence, as shown in Section 3, new Golay sequences may be found if there exist such (distinct) sets A, B, A , and B for which every (a, b) ∈ A × B and every (a , b ) ∈ A × B is a Golay pair as in [DJ 99, Corollary 5], and C a (u) = C a (u), 0 < u < n, for some a ∈ A and a ∈ A . Since the existence of such sequences a and a is not implied by the construction, we speak of a "cross-over" effect of the autocorrelation function of Golay sequences. Understanding how wide-spread this phenomenon is helps find new Golay sequences.
We have checked by computer whether the cross-over effect occurs for Golay sequences that are constructed with the constructions in Hence, in this case the set of Golay sequences with the same autocorrelation function as a is just A = {a + c · , a * + c ·  | c ∈ Z 4 }, which is of size 8. Thus, the cross-over of autocorrelation functions does not seem to propagate.
So currently (2) is the only starting point for the construction of new Golay sequences of length 2 m over Z 2 h , m ≥ 4, h ≥ 2. Under the assumption that there is no further cross-over, it is interesting to know how many new quaternary Golay sequences arise from just concatenation and interleaving of the sequences in (2). For length 16 these are exactly the sequences found in [LC 05] (Section 3). Note that these sequences form 8 · 1024 Golay pairs, since each sequence a belongs to a set A of size 8 of Golay sequences with the same autocorrelation function. By applying concatenation and interleaving to these Golay pairs, we would expect to obtain 16·1024 quaternary Golay sequences of length 32. In fact, computer search shows that only 14 · 1024 of these sequences are distinct. They form 8 · 14 · 1024 = 112 · 1024 Golay pairs. By applying concatenation and interleaving to these 112 · 1024 distinct Golay pairs, we would then expect to obtain 224 · 1024 new Golay sequences of length 64. However, only 192 · 1024 of them were distinct. (We then checked by computer whether there is a cross-over of the autocorrelation function within the newly constructed quaternary sequences of length 16 and 32, and whether there is a cross-over between these sequences and sequences constructed as in [DJ 99] . In both cases, we found there is no new example of a cross-over.)
This illustrates one of the difficulties when counting the number of (new) sequences that can be obtained just from concatenation or interleaving. Some Golay sequences may be constructed in If we assume that there is no more cross-over of the autocorrelation function for Golay sequences of length 8 and characteristic 2 h , h ≥ 2, then we are able to get an accurate count of sequences (of length 16) that can be obtained from concatenation or interleaving of liftings to Z 8 2 h of the sets in (2) (and their cosets by x 3 +2x 2 ). In that case we have exactly 2·2 h ·(2 h+1 ) 2 Golay pairs (a, b) and (b, a) from (A+c(x 3 +2x 2 ))×(B + c(x 3 + 2x 2 )), c ∈ Z 2 h , which are not of the form in [DJ 99, Corollary 5]. Note that the set of these Golay pairs contains the Golay pairs (a , b ) and (b , a ) from (A +c(x 3 +2x 2 ))×(B +c(x 3 +2x 2 )), c ∈ Z 2 h , since A + 2 h−1 (x 3 + 2x 2 ) = B and B + 2 h−1 (x 3 + 2x 2 ) = A . Therefore, by applying concatenation or interleaving we obtain 2 · 2 · 2 h · (2 h+1 ) 2 = 2 3h+4 new Golay sequences. Similar to the argument in Section 3, they are distinct. However, in general we were not able to count the number of Golay sequences spawned by an arbitrary Golay pair, nor even the number of Golay sequences generated just by concatenation and interleaving of an arbitrary Golay pair.
A Question
Since the constructions in [Bud 90] and [DJ 99] give the same set of Golay sequences of length 2 m over Z 2 h , we will use the latter to illustrate an interesting property of these sequences. Let a be a Golay sequence of length 2 m over Z 2 h constructed as in [DJ 99] . Let c be a sequence of the same length over Z 2 h associated with the function c 0 + m k=1 c k x k , c k ∈ Z 2 h . By [DJ 99, Corollary 5], the sequence a + c also is a Golay sequence. So to any Golay sequence a obtainable by [DJ 99] we may add any sequence c constructed from a linear polynomial, and get a Golay sequence a + c. This is much more than one would expect using just Corollary 2 and Lemma 3. Recall that Corollary 2 only guarantees Golay sequences if we add c 1 ·  or c 2 (x m + 2x m−1 + · · · + 2 h−1 x m−h+1 ), c i ∈ Z 2 h . Lemma 3 gives Golay sequences if we add c 3 x π(1) or c 4 x π(m) , c 3 , c 4 ∈ Z 2 h , to a Golay sequence of the form in [DJ 99, Corollary 5].
In this sense, the Golay sequences in [LC 05] serve not only as an example of new sequences, but they also give some hint on how much structure to expect from Golay sequences in general. We verified by computer that the sequences given in Corollary 2 are the only sequences that can be added to any quaternary Golay sequence of length 16 and still give a Golay sequence. Of course, Lemma 3 and Lemma 4 hold, but they depend on the actual Golay pair (a, b) With the benefit of hindsight we can find other clues as to the existence of these new Golay sequences in prior work. Li and Chu [LC 05] noted that the sequences they found can be used to construct longer (quaternary) sequences, and that new sequences for larger lengths and alphabets may exist. We have shown how to construct a large class of previously unknown sequences for all lengths 2 m , m ≥ 4 and all characteristics H = 2 h , h > 2.
We have shown that these new sequences exist because of a cross-over of the autocorrelation function of certain Golay sequences. We believe this to be an interesting area of study in its own right. 
Note Added in Proof

